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Cross-Diffusion-Driven Positive
Solutions in a Predator-Prey Model
with Prey Refuge and Crowley-Martin
Functional Response

[0 JIANG Hongling

School of Mathematics and Information Science, Baoji University of Arts and Sciences, Baoji 721013, Shaanxi, China

Abstract: This paper investigates a modified Leslie-Gower predator-prey model with prey refuge and a Crowley-Martin type functional
response under Neumann boundary conditions. Based on the Routh-Hurwitz criterion, we derive the existence and stability conditions of
the unique positive constant equilibrium for the diffusion-free model and the diffusion model. Moreover, we study Turing instability of the
unique positive constant equilibrium for the cross-diffusion model. Then, using Young’s inequality, Poincaré’s inequality and Leray-
Schauder degree theory, we obtain the nonexistence and existence of nonconstant positive equilibria for the diffusion model and the cross-
diffusion model, respectively. Finally, several numerical simulations are provided to illustrate the stability of positive constant equilibria,
Turing instability, the existence of nonconstant equilibria and the role of the prey refuge. The results indicate that cross-diffusion is an im-
portant factor driving the emergence of nonconstant positive solutions (including equilibria) in the model; that is, cross-diffusion can lead
to a non-uniform coexistence pattern of predator and prey.
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0 Introduction tails, we refer the reader to the paper by Okubo and

Levin'". As shown by Shigesada et a/", Lou and Ni",

Biological movements, such as diffusion, aggrega-
tion, and their subtle balance, are key features in charac-
terizing population dynamics. The dispersal traits of a
species are not limited to movement from high-density
to low-density regions (commonly referred to as diffu-
sion), but also include intra- and inter-specific pressures
that significantly affect population distribution, which
mathematically appear as cross-diffusion. For further de-

and Li et al", although diffusion alone fails to produce
spatially non-uniform coexistence patterns in two-
species competition models under certain conditions, the
inclusion of cross-diffusion makes this possible, thereby
breaking the competitive exclusion principle. This con-
cept was later adopted by many authors in the study of
predator-prey models. Peng et al” explained the signifi-
cance of cross-diffusion coefficients in a class of
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predator-prey models and discussed the existence of non-
constant positive solutions. Kuto et a/ studied the exis-
tence of nonconstant positive solutions in a predator-
prey model with cross-diffusion. Lou et a/" investigated
the global existence of solutions in two spatial dimen-
sions when one of the cross-diffusion coefficients is
zero. Furthermore, Zhang et al/® showed that cross-
diffusion can affect the formation and disappearance of
Turing instability in reaction-diffusion systems.

The predator-prey model, which describes the inter-
specific interaction wherein one population serves as a
food resource for another to ensure its survival, is a central
focus in biomathematical research and holds significant
research value. In 1960, Leslie and Gower proposed the
Leslie-Gower predation model in the form of ordinary
differential equations™, emphasizing how prey popula-
tion levels influence predator numbers. Subsequent stud-
ies revealed that predator growth was affected when the
balance between the predator’s environmental carrying
capacity and the prey population size reached a specific
threshold. This finding led to the introduction of a modi-
fied Leslie-Gower predation model "',

To better capture real-world predator-prey interac-
tions, various functional responses have been proposed
by biologists and mathematicians. The Crowley-Martin

(C-M) type functional response!” is given by f(u,v)=
u
1+ pu+av+ofuv’

Compared with the Beddington-

DeAngelis (B-D) type f(u,v)= , the C-M re-

u
1+pu+av
sponse incorporates an additional term afuv in the de-
nominator, reflecting mutual interference among preda-
tors. Here, the parameters a and f represent the handling
time of the predator per prey and the intensity of interfer-
ence between predators, respectively. This functional
response has been incorporated into different predator-
prey frameworks. Ali and Jazar!¥ studied a modified
Leslie-Gower predator-prey model with a Crowley-
Martin type functional response:

du (1 _u ) buv

A MU K) T Qe+ By

o]
dr u+k)

where u and v represent the population densities of prey

(M

and predator, respectively. All parameters a, b, c, &, r, o,
f, K are positive constants. a and K are the birth rate and
the carrying capacity of prey population u, respectively.
r and b are the intrinsic growth rate and the capture rate

of predator, respectively. k is the extent to which the en-
vironment provides protection to the predator (or the
half-saturation constant in the predator’s growth). ¢ is
the coefficient of intra-predator competition. a measures
the magnitude of interference among prey. S denotes the
intensity of interference between predators. Ali and Jazar!"™
established conditions for boundedness, permanence,
and the existence of a unique positive equilibrium for
model (1). They also studied local stability, Hopf bifur-
cation leading to periodic solutions, and provided criteria
for global stability of both the positive equilibrium and
the prey-extinction equilibrium using Lyapunov func-
tions and Dulac’s criterion. Meng et al"” further incorpo-
rated stage structure for the prey into a Crowley-Martin
type predator-prey model, and established conditions
for local stability, persistence, and global stability of
the positive equilibrium. More recently, Liao et al™
applied the Crowley-Martin functional response to a
phytoplankton-zooplankton system with a gestation delay
in the zooplankton population. They analyzed perma-
nence, local and global stability, and found that although
the time delay does not alter the stability of the positive
equilibrium, it can induce Hopf bifurcation and periodic
oscillations when the delay exceeds a threshold. Using
normal form theory and center manifold reduction, they
also determined the direction and stability of the bifur-
cating periodic solutions. Other related studies include
Ref. [21] and Ref. [22], which also examine predator-
prey dynamics with Crowley-Martin functional re-
sponse. Despite their different biological backgrounds,
these studies all addressed issues such as persistence, sta-
bility of equilibria, and Hopf bifurcation.

In addition to the form of the functional response,
another important factor in ecology is the presence of
refuges. In ecology, a prey refuge is a spatial structure or
habitat that reduces predation risk by providing protec-
tion to prey. The addition of a refuge typically increases
prey density and decreases predator density. Following
this line of research, Yue™ investigated a modified
Leslie-Gower predator-prey model incorporating a con-
stant prey refuge and a Holling-type II functional re-

du (
ula—u

Sponse:
b(l —m)v
 (—mu+p

2

E=

2
o . @)
e\ A=mutk )

where m €[0, 1) is the proportion of the prey population pro-
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tected by the refuge (m=0 corresponding to no refuge).
This study focused on global attractivity of the positive
equilibrium, the impact of a constant prey refuge, and
the improvement of existing stability conditions.

Model (1) describes a predator-prey system with
Crowley-Martin functional response but without prey
refuge. Model (2) includes a constant prey refuge but
adopts a simpler Holling-type II functional response.
However, studies that combine the Crowley-Martin func-
tional response with a prey refuge in a modified Leslie-
Gower framework are relatively limited. Given that both
predator interference and prey refuge play crucial roles
in stabilizing predator-prey interactions, it is of both
theoretical and ecological interest to explore their com-
bined effects. Therefore, in this paper, we investigate the
following predator-prey model incorporating both the
Crowley-Martin functional response and a constant prey
refuge:

du ( u ) b(l —myuv
—— =au|l—-—| - ,
dr K (1+a(l—m)u)(1+ﬁv)

dv cv
dr :V(r_ il —m)u+k)'

To simplify the model and reduce the number of pa-
rameters, we rescale the prey variable by setting
u=au/K and define the new parameters a=(K/a)a, c=
(a/K)c, k=(a/K)k. Dropping the bars for simplicity, we
obtain the following system:

%:u d—u— b(1 —m)v

dt (1+a(1 —myu)(1+pv) ' 3)
dv:v(r_cv .

dr A-mu+k

To incorporate spatial effects, reaction-diffusion
models have been widely employed. Yin er al/®* ex-
tended the modified Leslie-Gower predator-prey model
with Crowley-Martin functional response to a reaction-
diffusion system under homogeneous Neumann bound-
ary conditions, investigating the global existence of posi-
tive solutions, dissipation, persistence, stability of con-
stant equilibria, Hopf bifurcation, and the existence and
nonexistence of nonconstant positive steady states. Simi-
lar diffusive models with Crowley-Martin functional
response have also been studied under Dirichlet or
mixed boundary conditions, focusing on persistence,
global attractors, and diffusion-driven instability >,

Motivated by the above studies, we propose the fol-
lowing reaction-diffusion system incorporating prey ref-

uge and Crowley-Martin functional response:

ou o b(l —m)v

ot ‘dlA”“‘(“ " (1+a(1—m)u)(1+/3v))’
xeQt>0,

ov cv

—_— = -_—-— 4

o dZAv+v(r Q—mu+k) xeQit>0,4)

ou ov

a_a_q xeot>0,

u(x,0)=u,(x), v(x,0)=v,(x), xe Q.

where d, and d, are the diffusion coefficients of prey and
predator, respectively, Q c R" is a bounded domain with
smooth boundary 0Q, and 6/0n denotes the outward nor-
mal derivative on 0Q, which ensures that no individuals
cross the boundary.

To further investigate the impact of cross-diffusion,
we extend model (4) by incorporating cross-diffusion
terms. The resulting cross-diffusion system is given by:

% =d,Au+d,,Auv)
b(1 —m)v

+ula—u A+ ol —myu) +ﬁv))’ xeQ, t>0,

ov cv

a[:dzAv+d21A(uv)+v(r— (l—m)u+k)’ ®)
xeQ,t>0,

ou Ov

%_%_0, xe o, t>0,

u(x,0)=u,(x), v(x,0)=v,(x), xe Q,

where d,, and d,, are cross-diffusion coefficients. These
two cross-diffusion terms represent the movement of
prey away from predators to escape predation, and the
aggregation of prey individuals into large groups to protect
themselves from predator attacks ™, respectively.

The remainder of this paper is organized as follows.
In Section 1, we analyze the local asymptotic stability of
the constant equilibria for systems (3) - (5) and derive
conditions for Turing instability induced by cross-
diffusion. In Section 2, using Young’s inequality and Poin-
caré’s inequality, we prove the nonexistence of nonconstant
positive equilibria for system (4), while applying Leray-
Schauder degree theory, we establish the existence for
system (5). Section 3 presents numerical simulations to
verify the theoretical findings, and Section 4 summa-
rizes the main conclusions of this paper.

1 Turing Instability

This section discusses the stability of non-negative
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constant equilibria for system (3). For systems (4) and
(5), we analyze the stability and Turing instability of the
unique positive constant equilibrium. To determine the
unique positive constant equilibrium, we recall a classi-
cal result on the positive roots of a polynomial.

Lemma 177 (Descartes’ Rule of Signs)

Suppose

f(X)=ax"+a,x"'+--+a, x+a,

is a polynomial with real coefficients, where a,, a,, ---,
a,_;, a, are known constants, and the number of positive
roots of the equation f(x)=0 is equal to the number of
variations of the coefficient list a4, @,, -+, a,_,, a, minus
a non-negative even number.

A straightforward calculation shows that systems
(3) - (5) possess the following non-negative constant equi-
libria:

(1) the trivial equilibrium (0, 0);

(i1) the semi-trivial equilibria (a, 0) and (0, 7k/c);

(iii) the positive constant equilibrium w=(z, V),
where (11, v) satisfies the following equations:

N b(l —m)w
T +a(l(—m)ﬁ;(l Ty
cv
T ek

(6)

Eliminating v yields that u satisfies the following cubic
equation:
A +Bit+ Cii+ D=0, (7

where

A=opr(l —m),

B= pr(l —m)(1 —ao(l —m))+ oc(l —m)+ ofrk(1 —m),

C= (c+pri)1 —aa(l —m))+ r(1 —m)(br(l — m)—ap),

D =brk(l —m)—a(c + prk).
Obviously, 4> 0. If the parameters satisfy

%<l—m<min{$,%(ﬂ+ Tck)}, (H)

namely
ao(l —m)< 1, b(1 —m)>ap, brk(1 —m)<a(c+ prk),

then l§>0, C> 0, D<0. According to Lemma 1, it fol-
lows that the equation (7) has a unique positive solution
u, and thus there exists a unique positive constant equi-
librium (&, v), where v=r((1 — m)u + k)/c.

If (H) holds, then the system (3) has a
unique positive constant equilibrium w =(, v), which sat-

Lemma 2

isfies the equations (6).
The stability of the trivial solution (0,0) and the
semi-trivial solutions (a,0) and (0,7%/c) of system (3) is

discussed below.
Theorem 1 (i) The trivial solution (0, 0) is uncon-
ditionally unstable;
(i) The semi-trivial solution (a,0) is uncondition-

ally unstable;

@) If 1-m< %(ﬂ+ r—ck), then the semi-trivial so-

lution (o,r—f) is unstable. If 1—m> %(ﬂ+ %), then the

semi-trivial solution (0, 7k/c) is stable.

Proof We only prove part (iii) in detail, since the
proofs of parts (i) and (ii) are similar.

The Jacobian matrix of system (3) at the semi-
trivial solution (0, rk/c) is

g brk(l —m)
c+prk
> (1—m)
c

The characteristic polynomial of J,, is

s brk(l—m)_ o
po()=4"~(a- c+prk A= c+prk

If 1-m<(a/b)(f+(c/rk)), then ¢,(4) has a positive
root and a negative root. Hence the semi-trivial solution
(0,7k/c) is unstable. If 1 —m>(a/b)(f +(c/rk)), then ¢, (1)
has two negative roots. Hence the semi-trivial solution
(0, rk/c) is stable.

Theorem 2

brk(1 —m)

If (H) holds, then the unique positive
constant equilibrium w=(z, v) of system (3) is locally as-
ymptotically stable.

Proof By Lemma 2, system (3) admits a unique
positive constant equilibrium w=(z, v). We next examine
its local asymptotic stability.

The Jacobian matrix of system (3) at w=(z, V) is

a a
J= ( 1 12),
ay dyp

where
- byl —m
an=a=2s —En)ﬁ)z)(lﬁifz)
_ulao(l =m)—1-2a(1 —m)u]
1 +a(l —m)u ’
(1 — m)ii
DT (= myay 1+ o) ®)
o= oV’(l-m) r*(l-m)
(@ -ma+ky ¢
Ay =r— 270‘7 =—r
2 (I-mya+k ‘

It is easy to see a,,<0, a, >0, a,<0. It follows
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thata,, <0 from 1 —m < L
ao.

The characteristic polynomial of J is
@, (D=1 = Atre(J)+ det(J),
where
tr(J)=a, +a,<0, det(J)=a,,a,—a,a, >0.
Thus w is locally asymptotically stable.

The main focus of the following study is on the sta-
bility of w=(u,v) in the reaction-diffusion system (4)
and, further, in the cross-diffusion system (5).

Let O=p,<u,<u,<L be the eigenvalues of —A under
Neumann boundary conditions, and let E(u;) be the cor-
responding eigenspace. Choose an orthonormal basis
{$; 3" of E(u,) and define

XI/': :{C¢4'/’ ceR b X= (—Bj‘_li:“;E(ﬂ,)X_

i

X:=0L,X., (9

where X={w [C' (Q)]

ow
E =0on 89}

Theorem 3  If (H) holds, then the equilibrium w
of the diffusive system (4) is locally asymptotically
stable.

Proof System (4) is linearized at w=(z, V) as fol-
lows:

w,=(D,A+J)w, D, = (a(’)l ;)2)
For each i>0, X, is invariant under the operator
D, A+J; J is an eigenvalue of D,A+J if and only if 4 is
an eigenvalue of —u, D, +J. By calculation, the character-
istic polynomial of —u, D, +J is
w, (D)= =tr{—u,D,+J}+det{—u,D,+J},
where
tri—p, D +J}=—u,(d,+d,)+a, +ay,
det{—u,D,+J}=d,d, ;i —u,(d,a,+d,a, )+ det(J).

Similar to the proof of Theorem 2, we can obtain
tr{—u,D,+J}<0, det{—u,D,+J}>0. Hence the equilib-
rium w of the diffusive system (4) is locally asymptoti-
cally stable.

Theorem 4  Suppose (H) holds and 7>0, where
T is defined by (11). If the cross-diffusion coefficient d,,
exceeds the critical value

. o0+2VAC
d21>d21: f’

with t=a,u—a,v and o=d,(ayu+r)—a,d,+rd,,
then the equilibrium w of the cross-diffusion system (5)
is unstable. Here a,,,a,,,a,, are given by (8), and 4, C
by (10).
Proof Let w=(u,v)" and write system (5) as
w=V- (di(w)Vw) + F(w),

d,+d,v d,u
dy v d,+d,u
the reaction terms. Linearizing around the equilibrium

where @(w)= ( ) and F(w) represents

w=(u, V) gives
w,=(D,(WA+J)w,
where
di+d,v dyi ) _ (a“ alz)
d,v  d,+d,i) a, a,)
Seeking solutions of the form ¢***" (where k- k=

P, (W)=

k?) yields the characteristic equation
det(AI + k@, (w)—J)=0.

Computing the determinant gives the dispersion re-

lation
22 = p(k* )2+ qk*) =0,
with
pk)=tr ()= k>(d, +d,+d ,+dy,il),
q(k*)=Ak*-Bl*+C,
where

A=d,d,+d,d, u+d,d,,v,
B=(a, d,—ayd,)iHay,d,—a,d, W+a, d,+a,d (10)
C=det(J)=a, a,—a,a,.
From the parameter conditions in Theorem 4, one can
verify that tr(J)<0 and C> 0, and clearly 4> 0.

Using a,,=—r from (8) and v= W from

the second equation of (6), the coefficient B can be rear-
ranged as
B=1d, —o,
where
t=a,u—a,v, o=d,(a,u+r)—a,d,+rd,.
Applying the first equation of system (6), we obtain
=u-T,
where
_al-mu(a—u) a-u i
1+l —m)i 1+p5

Since #>0, the condition 7>0 is equivalent to 7>0.

(11)

This inequality is assumed to hold in Theorem 4.

Turing instability occurs if there exists k>0 such
that g(k*)<0. Since 4>0 and C>0, the minimum of
g(k*) is attained at k2= B/(24) with value

BZ
VL
Thus ¢,,;,<0 is equivalent to B>0 and B*>>44C.
Substituting B=1d,, — o into B*>>4AC gives
(zd,, — o)’ >4AC.

Since 7> 0, solving this quadratic inequality yields

qmin = C
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c+2VAC o c—-2VAC
D .

T

d, > r d, <

The second branch violates B>0, hence only the first
branch is admissible.
Therefore, define

.. o+2VAC
le:: f.

When d,,>d;,, we have B>0 and B*>4AC, which implies
¢..»<0and consequently the equilibrium w is unstable.

Remark 1 The condition d,, > d,, ensures that B >
0 and B>>4AC. Consequently, the quadratic g(k*)=Ak* -
Bl + C attains a negative minimum at k2= B/(24), and
there exists a nonempty interval (k2,.kZ2,.)cR" such
that g(k* )< 0 for all k> e(k2,. k2, ).

Since the eigenvalues {u,},., of —A on Q with ho-
mogeneous Neumann boundary condition satisfy u,=0<
W <u,<L—>o and are densely distributed in R* as
i — oo, there exist some i =1 such that g, e(lAcim, k2. ). For
this mode, the dispersion relation yields a positive
growth rate, and hence the constant equilibrium w is un-
stable. Thus, Turing instability occurs.

Remark 2
adding diffusion alone does not affect the local asymp-

Theorem 2 and Theorem 3 show that

totic stability of the positive constant equilibrium w. In
contrast, Theorem 4 demonstrates that introducing cross-
diffusion destabilizes w, thereby generating Turing insta-
bility.

2 Nonexistence and Existence of
Nonconstant Positive Equilibrium

In this section, we investigate the nonexistence of
nonconstant positive equilibria for (4) and the existence
for (5). The corresponding equilibrium system for (5) is

given by:
b(l —m)v _
d, Au+d,,Nuv)+ula—u A ra(—mui+p) | =
xeQ),
v (12)
dzAv+d21A(uv)+v(r—(l_m)u+k =0, xeQ,
%:%: , x € 0Q.

For simplicity, denote the parameter set by A=
{a,b,c,m,r, k}. We proceed in three steps. First, applying
the Maximum Principle” and Harnack Inequality™, we
derive uniform upper and lower bounds for any noncon-

stant positive solution. Second, using Young’s inequality
and Poincaré’s inequality, we prove the nonexistence of
nonconstant positive solutions for (12) in the absence of
cross-diffusion (i.e., d,,=d,; =0). Third, for the cross-
diffusion system (12), we use Leray-Schauder degree
theory to establish the existence of nonconstant positive
solutions.

2.1 A Priori Estimates

This subsection will use the Maximum Principle
and Harnack Inequality to give upper and lower bounds
for system (12). It starts with the following lemmas.

Lemma 3 (Maximum Principle®™)
glx,w)e CQxR").

(1) If we C*(Q)N C'(Q) satisfies Aw(x)+ g(x, w(x))
20, xeQ;0,w<0,xe0Q and w(x,)=max,w, then
8(xg, w(x,))=0.

(i) If w e C*(Q) C' (Q) satisfies Aw(x)+ g(x, w(x))
<0, xeQ;0,w=0,x € 0Q
8(xg, w(x,))< 0.

Lemma 4 (Harnack Inequality®™)  Suppose that
c(x)e C(Q), and let w(x)e C*(Q)NC' (Q) be a positive
solution to

Aw(x)+ c(x)w(x)=0,x € Q;0,w=0,x € 0Q.

Then there exists a positive constant C'=C" (|

Suppose

and w(x,)=minsw, then

cll...€2)
such that max,w < C" min,w.
Theorem 5 Assume that

dy ¢

d,  ar(l-m)’
Then there exist positive constants C;=C, (d,,d,,,\)
and C,=C, (d,,d,,, A) such that for any positive solution
(u,v) of system (12),

max u<Cy, max,v<C,.

Proof Let ¢o=d,u+d,uv, y=d,v+d, uv. Then
system (13) can be written as
b(l —m)v

T 0 ol —myu)1 +B)

—Ap= d +d,v ¢, xe
cv
- 13
e mmurk oY
Ve drdyu ’

Op _ Oy _
on = on =0, x € 0Q.

Take x, € Q such that w(x,)= max . From the second
Q

equation of (13) and Lemma 3 (i) we obtain

o) o

T A= mux )+ kT

which implies
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(1 —mu(x,)+k)

v(x, )<
(x)< ;

Since u(x, )< max u, it follows that
Q
max,v< f (1 — mymax,u+k). (14)

Let x, € Q satisfy ¢(x, )=max,¢. By applying Lemma 3
(i) to the first equation of (13), we have
. b= mp(,) o

(I +a(l —myu(x, )1 +pv(x,))

Hence u(x,)<a. Using ¢ =(d, +d,,v)u we obtain

a—u(x,)

max,u < L max, g =u(x,)+ dn u(x, )v(x,)
1

d, d
<a+ A amax,v.
d, ¢
Denote U=max,u and V'=max,v; the above inequality
becomes
U<a+ dn av. (15)
d,
Substituting (14) into (15) yields
dy, r
< —((1- )
U<a+ d. a_ ((A-mU+k)
Set A= ﬁﬂ. Then
d, ¢

U<a+Ak+A(1 —m)U,

or equivalently,
(1-A(Q -m)U<a+ Ak.

. dy c L o
The hypothesis d < d=m a—m) implies 1—A(1 —m)>0.
Consequently,
a+Ak s .
S ———=(,.
v 1-A(1—m) ¢

Finally, from (14) we obtain
V< f((l —m)C, +k)2C.

Both C; and C, depend only on d,,d}, and A. This com-
pletes the proof.

Theorem 6 (Lower bound) Let >0 and D>

—— be fixed constants. Assume that

ar(l —m)
a c

1-m< Z (ﬂ + E X

dy dy

d, " d,

constants C,=C, (4,D,A) and C,=C,(J,D,A) such that

for any positive solution (u, v) of system (12),

If d,d,>0 and <D, then there exist positive

min,u=C,, miny,v=C,.
Proof From the equations in (13), we have —A¢ =

¢, ()¢ and —Ay = c, (x)y, where

b(1 — m)v(x)
(1 + o1 — myu(x))1 + pv(x))
d,+d,v(x) ’

3 cv(x)

(1 —mu(x)+k

dy+dyu(x)
Since 0<u<C, and 0<v<C,, we have d,+d,,v=d,>0
and d,+d, u>d,>0, and both numerators are bounded.
Therefore | c |
M,=M,(C,,C;,A) and M,=M,(C,,C,,A). By Lemma
4, there exist positive constants C, =C, (M,,0,\) and
6’\2 = a (M,, d, A) such that

max,¢ < C, min,g,

a—u(x)—

¢ (x)=

r

e, (%)=

<M, and || c, ||w <M, for some constants

max,y < C, mingy.

Consequently, we have the following estimates:
max,u(x) max,p max,(d,+d,v)

mingu(x)  mingg ming(d, +d,v)

<C (1+ %C;’)s C,(1+DC;)2 C;, (16)

1

max,v(x) _ maxgy max, (dyu+d,)
min,v(x)  mingy ming(dyu+d,)
<C,(1+ %Cf)s C,(1+DC)H2 C,. (17)
2

By contradiction, assuming that the conclusion does not
hold, there exists a sequence {d,,.d,,.d,.d>.,}
d,,.d,,=0, d,,.d, , €(0,00) such that the positive solu-
tion (u,, v, ) of system (12) satisfies

A, u,+d,,u,v,)

Ln*"n

o0
n=1°

I b(1-m)v, xeQ,
T Ara(-mu, YUY, |7
(18)
cv,
_A(dZ,nanrdZLnunvn )_vn( r= m ) ’ Xe )

and man u,—0 or mﬂin v,— 0(n—>0). By standard elliptic

regularity theory,
{(u,,v,)},, still denoted by {(u,,v,)},.,, and nonnegative

there exists a subsequence of

functions u,ve C*(Q) such that (u,,v,)—>@w,v) as

n—> oo. Assume further that
(dl.rH d2,nv dlz.nv d21,n )_>(dlv dzv d127 d21 )a

where (d,.d,,d,,,d,, )€[d,0)x[d,20)x(0,0)x(0,0). From
inequalities (16) and (17) together with the assumption
mﬁin u,— 0 or mﬁin v, — 0, it follows that as n — o,

max u, — 0 or max v, —> 0.
Q Q

We consider the following three cases.
(1) If max u,—0 and max v,—0, then (u,, v, )—(0, 0)
Q Q
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uniformly. However, integrating the first equation of
(18) over Q, we obtain

5
o_—fm%(d w+d, uv,)dS

1L,n%n 12,n%*nVn

b(l —m)v
- J Q””(“ T v ad —(m)un))(i Y
Since u,>0 and the integrand converges to @ >0 uniformly
as n— o, the right-hand side is positive for sufficiently
large n, a contradiction. Hence Case (i) cannot occur.
(ii) If maxsu, — 0, max,v,—v',where v" is a posi-
tive constant. Set ¢,=d, ,v,+d,, ,u,v,. Then €, satisfies

oV
o (0 -mu,+k
AE" - d2¢n+d21<nun " *e Q’
% =0, x € 0Q.

By the upper bound of u,, v,, since || €, ||m < C for any n>
1, there exists a subsequence of ¢, which is still denoted
by ¢,, such that ¢,— ¢ in C*(Q). By the definition of ¢,

and u, — 0, one can obtain
€

v”_ d2,n+d21,nun d2 '

Then ¢ satisfies

—d}Ae= (dzr— %)E, xeQ,

Oe¢

P 0, x € 0Q.
If €=0, then v'= di =0 contradicts v'>0. So €=

2

d,vk . vk

V=5 and hence (u,,,vn)—>(0,%k) uniformly on

c
Q. Since the parameter condition guarantees
a c
1-m< Z (ﬂ + Tk),
for sufficiently large n and all x € Q,
b —m)v, (x) >0
(+al =myu, )A+Av, (x) =

Integrating the first equation of (18) over Q, we obtain

0
0 =— J‘DQ% (dl,nun + dlZ.nunvn )dS

a—u,(x)-

N . b —m),
g " (Tt a(l —mu, )1 +pv,)

a contradiction. Therefore Case (ii) cannot occur.

dx>0,

(iii) If max u, — u" and max v,— 0, where u" is a
Q Q

positive constant. Set &, =d, ,u+d,, ,u,v, Then &, satisfies

1L,n%n 12.n“%n YV

G — bl —m)v,
s " (A +oad—mu,)1+pv,)
Aé:n_ d].n_’_d]z’nvn fn’ RS Qv
ac, =0, x € 0Q.
on

By the upper bounds of u, and v,, we have || & ,<C
for all n>1. Thus there exists a subsequence, still de-
noted by ¢&,, such that &, — ¢ in C*(Q) as n — 0. From
the definition of £, and v, — 0, we obtain

_ < <
" dl>n+d12.nvn - dl (n _)w)

Then ¢ satisfies the limiting problem

u

—diAé=(da-&), xeQ,
o =0, x € 0Q.
on
If =0, then u'=¢d, =0, contradicting u">0. Hence

¢=d,a, which gives u'=aq, and consequently (u,, v, )—>(a, 0)

uniformly on Q.
Now consider the second equation of (18). Since

v,— 0and u, — a, we have

P TN
(1—myu,+k '
Thus for sufficiently large » and all x € Q,
r cvn (x) 0

T U —mu, () +k
Integrating the second equation of (18) over Q, we obtain

0
O = Jl’}Q% (dlnvn + dZLnunvn )dS

cv,
—fQVn(r_ (l—m)u”-i-k dx>07

a contradiction. Therefore Case (iii) cannot occur.

2.2 Nonexistence of Nonconstant Positive
Equilibrium

In this subsection, we show that system (12) has no
nonconstant positive solutions in the case of diffusion
only (not cross-diffusion). The proof uses Young’s in-
equality and Poincaré’s inequality.

Theorem 7 If d,=d, =0, then there exist posi-
tive constants d,;'=d, (5,D,A) and d, =d, (J,D,A) such
that for any d,>d, and d,>d,, system (12) has no non-
constant positive solution.

Proof Assume that (&, v) is a positive solution of
(12) with d,,=d,,=0. By Theorems 5 and 6, there exist con-
stants ¢,,c,,C,,C,>0, depending only on J,D, A, such
that

¢, <u<C,, c,<v<C,inQ.

Denote the average values of # and v over Q by
_ 1 _ 1
u= ﬁfﬂudx, V= @fﬂVdX.

Multiplying the first equation of (12) by u—u and inte-
grating over €, we obtain

[ [VuPde= | @=(fn)—f @i
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b(1—m)v
(+a(—mu)1+pv)
from the second equation we have

d,[ [Vvpde= [ (v )g( ) gl M.
Q Q

cv
(I-mu+k )

Since f and g are C' on the closed rectangle
[¢,,C,]x[¢c,,C,], there exist constants L,,L,,L,L,>0
such that

| S~ @] < Lu=a] +Lv-7],

where f(u,v)=u(a—u— ) Similarly,

with g(u, v)=v(r—

|g(u,v)—g(ft,\7)| SLju—u|+LJ|v-v|.
Fix an arbitrary £ > 0. By Young’s inequality,
& 1
a7 -5 < = Y . -5 2.
lu—u|lv-v| 7 (u—u)y+ 28(1} V)
Hence,

[ = if )~ s

< fQ(Ll(u—a)2+L2\u—a||v—v|)dx

< fﬂ‘:(Lﬁ Lzzg)(u—a)2+ g;(v—\_z)z}dx,
| o= 9ge)- g v

< [ @iy =1+ Lo -9y )ix
Q

Ly Ly,
< fg[ ) (u—u)y+ (L4+ 28)(v v)? |dx.
Adding the two inequalities, we obtain
d, [ [Vupdvd,| (vvpdr< [ [A@-nr+ Bo- )2,
Q Q Q
where
€ 1
A=L+ 5(L2+L3), B=L,+ E(Lﬁ]” ).
Applying the Poincaré’s inequality x, f (w—w) dx<
Q
f |[Vw[dx, we have
Q
dun | w=ipdvrdup, | - ds
Q Q
<a| w-aypde+B[ @-vrdr.
Q Q

Now define

df:£+1, d;:£+1.

Hy Hy
Ifd, >d and d,>d,, then A<d,u, and B<d,u,. Conse-
quently,

=) [ @) des(dp-B) | =9y deso,

which forces

| w-irae= | w-vyra=o.

Hence u=u and v=v are constants. Therefore, no non-
constant positive solution exists.

2.3 Existence of Nonconstant Positive
Equilibrium

This subsection uses Leray-Schauder degree theory
to establish the existence of nonconstant positive solutions
to the system (12) when the cross-diffusion coefficients
d,,and d,, are introduced while keeping d, and d, fixed.

For ease of discussion, rewrite the system (12) as

-AD(w)=Z(w), xeQ,

19
ow =0, x e 0Q, (19)
on

where w=(u,v)", ®wW)=(p,yw)", o=d u+d uv, y=d,v+
dyuv, Zw)=(f(u,v),g(u,v))". Define

X={we[C' Q] g—’n” =00noQ!,

X'= {weX|u(x)>0, v(x)>0 forallx € Qf,

H(p)= {w e X|p ' <u(x),v(x)<p forallx e S_).}.
By Theorems 5 and 6 there exists a positive constant p
(depending only on d,D, A) such that all positive solu-
tions of (12) lie in H(p).

Since
di+d,v d,u

d,v  d,+d,i)

For any positive solution (u,v), we have det @, (w)>

D, (W)=

(20)

0, and consequently det®;' (w)>0. Therefore, w is a
positive solution of (19) if and only if
Gw):=w—(I-A)'{ D, WIZ(W)+Vwd,, (w)- Vw]
+w} =0, (21)

with w e X*. Here (I—A)"' denotes the inverse operator
of I—A under homogeneous Neumann boundary condi-
tions, which is a compact resolvent operator. The term
Vwd, (w)- Vw represents the contraction of the bilinear
form induced by the second Fréchet derivative @, (w)
with the gradient Vw. Defining
K(wy.=(I- Ay {®,! W)[Z(w)+Vwd,,, (w)- Vw]+w]|,
we have G=I—-K. Since (I-A)"' is a compact resolvent
operator and the remaining terms (i.e., @, (w),Z(w),
@, (w) and Vw) are continuous and bounded on
bounded subsets of X*, the operator K is compact.
Hence, G is a compact perturbation of the identity operator.
Since H(p) is a bounded open neighborhood in the
Banach space X', the Leray-Schauder degree
deg(G, 0, H(p)) is well-defined provided that G(w)=0 for
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all w € 0H(p). Moreover, the Leray-Schauder degree is
homotopy invariant under admissible homotopies that
preserve the nonvanishing property of G on 6H(p). In ad-
dition, if deg(G, 0, H(p))+ 0, then there exists at least one
zero of G inside H(p), which corresponds to a positive
solution of (19).

A straightforward Fréchet differentiation of G at w
gives

D,Gow)=I-(I-A)" (P, (W)Z, (w)+]1),
where we have used that Viw=0 and Z(w)=0 to eliminate
terms containing Vw or Z(w). If D,G(w) is invertible,
then the index of G at w can be defined as
index (G(), w)=(-1)",

where { is the sum of the algebraic multiplicities of all
eigenvalues of D, G(w) with negative real parts. Accord-
ing to Leray-Schauder degree theory, if G(w)=0 in OH,
then deg(G("),0,H) is equal to the sum of all isolated
point indices of H(p) with G=0.

By the decomposition of X into X, (see (9)), for
each i>0,D,G(w) acts on X, as

1

Thu,
1
Tl

D, Gw)|y =1~ (@, (W)Z,w)+1)

i

(ud— D, W)Z, (W)).

Therefore, D,G(w) is invertible if and only if for each i >
0, the matrix u,I— @;' (W)Z, (W) is non-singular.

Denote

M(uy:=MOv; )= det(ul — &, W) Z,(w)).  (22)

It can be shown that if M(u,)#0, then for each j=
1,...,dimE(u,), the number of eigenvalues of D, G(w)
on X with negative real part (counting algebraic multi-
plicities) is odd if and only if M (u,;)<0.

Thus we obtain the following result.

Lemma5 If M(u,)#0 for all i >0, then

index(G(), w)=(-1y, y= z dim E(u,).
M(ii,io
In order to compute index(G(-), w), it is necessary to
discuss the sign of M (u;, ). From the formula (22) we have
M (p)=det{®,’ Op)}det{u®, () Z,(w)}.  (23)
Since det {®;,' (W)} >0, it suffices to study the sign
of det {u®, (Ww)—Z,(w)}. A direct calculation yields
det {u®, (%)~ Z,, 00)y = A’ ~ Bu+ C=:B(u; dyy ), (24)
where 4, B, C are given by equations (10). Let u,, i, be
the two roots of B(u;d, )=0, and Re{u, }<Re{n,}. If
l-m<1/aa, then C>0 and u,ji,=C/A>0, so the two
roots have the same sign. Furthermore, there are the fol-

lowing limits

. A . . B . .
lim — =d,u>0, lim — =a, u—a,,v=uT,
dyy > o d21 dy >0 21

Bu;d ~
BUS D) i, 1),

21
where T is given by (11). Consequently, we have the fol-

Jm
lowing conclusions.
Suppose (H) holds and 7>0. Then
there exists a positive constant d,, such that when d,, >
dy,, the two roots i, (dy ), i, (dy) of B(u;d, )=0 are
real numbers and satisfy
dlﬂlgio # (dy)=0,

Lemma 6

(25)

— T a_
dlz}inmﬂZ(dﬂ): aTl =u>0.

Moreover
Blu;dy )<0, ey, (dy ), i1, (dy)),
B(p; dy )>0,  pe(=o,i,(d,) (i, (dy ), +0).

Assume (H) holds, and 7>0. Let
d,,d,,d,, be fixed positive constants. If i e(u,,u,.,) for

(26)

Theorem 8

some n=1 and y,= Zdim E(u,) is odd, then there exists
i=1

d,, >0 such that for all d,,>d,,, system (19) has at least
one nonconstant positive solution.

Proof By Lemma 6, there exists a positive con-
stant d,, such that (26) holds when d,, > d,,, and

O0=po<pt,(dy)<plr(dy ), Hy(dr)e(,t,r) (27)

Assume, for contradiction, that for some d,, >d,, system
(19) has no nonconstant positive solution.

Fix d, >d;,. Choose d,>d, and d,>d;, where d;
and d, are given by Theorem 7. Define
[td, +(1 = )d, Ju+ td uv
[td,+ (1 —)d, v+ tdyuv |

where 7 €[0, 1]. Consider the following system of equa-

D(t,w)=

tions
-AD(t;w)=Z(w), xe€Q,
28
w =0, x € 0Q. (28)
on

Clearly, w is a nonconstant positive solution of the system
(19) if and only if it is a positive solution of the system
(28) at t=1. For any ¢ €[0, 1], w is the unique positive
constant solution to (28), and w is a positive solution of
the system (28) if and only if
Gt;w)Ew—(I-A) D, (1; w)[Z(w)

+Vwd, (t;w)- Vw]+w}=0, we X",
Clearly, G(1;w)=G(w). By Theorem 7 the equation
G(0; w)=0 has only the constant positive solution w.
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A direct calculation yields the Fréchet derivative of
G(t; w) at w:
D, G@t;w)y=T-(I-A)"{®,' (t;W)Z,(w)+1}.
Let d~5(w): @(0; w); in particular,
D,GO0;W)=1-(I-A)" (D, (W) Z, (¥)+I}.
D,G(;w)=I-(I-A)"{®,) WZ,(w)+1}=D,G(W),

d, 0

A

where @, (W)= ( ) @, (W) is given by (20) . We set

2

M(t; w)=det{®; (t; w)}det{u®, (t; W) - Z, (W)}
When ¢=1, from (23) and (24) we have
M w=M@)=deti®,' W)} Bu;dy ). (29)

Since det {®@;' (w)}>0, the sign of M(1;u,) is the
same as that of B(u,;d,, ). By (26) and (27), we have:

* For i=0: u,=0<i,, hence B(0)>0, and therefore
M(1;5u,)>0;

» For 1<isn: u,<up,<i,, hence B(u,;)<0, and there-
fore M(1;u,)<0;

e For izn+1:u,>p,, hence B(u,)>0, and there-
fore M(1;u,)>0.

Therefore, for any i>0, 0 is not an eigenvalue of
the matrix u, I— ®@,' (W)Z,, (W), and

{i=0|M(u,)<0}={1,2, .-, n}.

Consequently,

pe=

i20,M(p;)<0

dim E(u,)= > dim E(u, ).
i=1

which is odd by the hypothesis of the theorem. According
to Lemma 5,

index(G(1;-), w)=(=1)"=—1. (30)
When =0,
M(0; p)=det{®,) (¥)}det{u®, (W) Z,, (W)}
= det{®, (W)} B(w). 31
where

B(ﬂ): a\l ZZ\ZIL‘Z_IL[(ZZ\] an+t ZZ\25111 )+(anan—ana,).
Here a,,,a,,a,,,a,, are given by (8).

By Theorem 7, the equation G(0;w)=0 has only
the constant positive solution w in X*. The condition 1 —m<
1/(ac) in Theorem 8 implies a,, <0 and B(x,)>0 for all
i>0. Consequently, M(0;u,)=det{®, (0;W)}- B(u;)>0
for every i 0. Thus, by Lemma 5,

index(G(0;-), w)=(—=1y=(-1)"=1. (32)

According to Theorem 5 and Theorem 6, there ex-
ists a positive number p such that the positive solution of
system (28)
t €[0,1],w € 0H(p), G(¢t; w)=0. By homotopy invariance

satisfies p'<u, v<p. Thus for any

of the topological degree we get
deg(G(1;),0, H(p))=deg(G(0;-). 0, H(p)). ~ (33)
From (30) and (32),
deg(G(1;),0, H(p))=index(G(1 ;-), w)=—1,
deg(G(0;-),0, H(p))=index(G(0;-), w)=1,
which contradicts (33).

3 Numerical Simulation

In this section, numerical simulations will be used
in the one-dimensional case Q =(0, 2m) to verify the theo-
retical results obtained in the previous sections. Set the ini-
tial value condition u,= A, (|sin4x], | sin 2x| ), where 4, is
the initial value coefficient. The parameters in (5) are
taken as

a=8,r=1.5 b=25,¢c=4.3, m=0.64,
k=0.3, a=0.3, f=0.1, d,=0.01, d,=1.

It is easy to verify that they satisfy condition (H).

(34)

Substituting (34) into equation (7) and the second equa-
tion of (6), we obtain #2~4.284 7, v~0.642 7. So the con-
stant positive solution of (4) and (5) is w=(u, V)~
(4.2847,0.642 7).

(i) Stability of the positive constant equilibrium w
of (4) and (5).

Take the parameter values from (34). For the diffu-
sion system (4), the initial value coefficients are taken as
h,=0.2,0.4,0.8,1,1.2. The numerical simulations are
shown in Fig.1. It can be seen that the positive constant
equilibrium w of system (4) is locally asymptotically
stable, which coincides with Theorem 3.

For the cross-diffusion system (5), take the param-
eters d,,=100, d,,=1000 and the initial value coeffi-
cient #,=0.1. The numerical simulations are shown in
Fig.2, from which it can be seen that system (5) has a
nonconstant positive solution. This result shows that
cross-diffusion induces Turing instability of the positive
constant equilibrium w of system (5), which is in agree-
ment with Theorem 4.

(i) Existence of nonconstant positive equilibrium
of (5).

Take the parameters d,,=100, d,,=1 000, =2 and the
initial value coefficient /,=0.1. The rest of the parameters
are taken as in (34). The numerical simulations are shown
in Fig. 3, which reveals that the solution of (5) is time-
independent. Thus, this solution represents a nonconstant
positive equilibrium of (5), in agreement with Theorem 8.
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Fig. 1 Stability of the positive constant equilibrium W of (4)

Fig.3 Existence of the nonconstant positive equilibrium of (5)

(ii1) The effect of the prey refuge proportion on the
positive constant equilibrium.

Take the initial value coefficient #,=0.1 and the pa-
rameter values from (34), and let m vary in [0, 1) Figure 4
shows the dependence of the positive constant equilib-
rium on m. As m increases, the value of the prey # in-
creases monotonically. In contrast, the value of the

Fig. 4 Effect of m on (&, v)

predator v remains nearly constant for small m and then
decreases when m exceeds a certain threshold. Biologi-
cally, this indicates that a higher refuge proportion ben-
efits the prey by reducing predation pressure, allowing
the prey population to grow. For the predator, a low
level of prey refuge has little impact on its population
size, but when the refuge proportion becomes suffi-
ciently large, the reduced availability of prey leads to a
decline in the predator population.

4 Conclusion

In this paper, we investigate the effect of cross-
diffusion on positive solutions to a modified Leslie-
Gower predator-prey model incorporating prey refuge
and Crowley-Martin type functional response under ho-
mogeneous Neumann boundary conditions. The local as-
ymptotic stability of the constant positive equilibrium is
established using standard stability analysis. Conditions
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for the onset of Turing instability are derived through lin-
ear stability analysis. The existence and nonexistence of
nonconstant positive steady-state solutions are estab-
lished by virtue of the Leray-Schauder degree theory,
Young’s inequality and Poincare’s inequality. Finally, nu-
merical simulations are carried out to verify the stability
of the positive constant equilibrium. In the absence of
cross-diffusion, the positive constant equilibrium re-
mains stable, while it becomes unstable and induces non-
constant positive solutions when cross-diffusion is in-
cluded. Furthermore, we verify the existence of noncon-
stant positive equilibria, and reveal the protective effect
of prey refuge on prey populations as well as its shield-
ing effect on predators. These results show that cross-
diffusion is well suited for modeling interspecific and in-
traspecific interactions, as it can characterize the natural
coexistence of predator-prey systems with non-uniform
spatial distributions.
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